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Section A
61.  Let a and B be real numbers. Consider a 3 x 3 matrix A such that A2 = 34 + al. If A* = 214 + I,
then
(1) g =-8 ) B=8 (3)a=4 @) a=1
Sol. 1
A2=3A+al (1)
and  A*=21A+pl . ()

Now A*=A? A?
A'=BA+al). BA+al)  {from (1)}
A*=9A2+60A + o2l . 3)
From (2) and (3)
9A? + BoA + o2l =21 A + B
putting value of A% from (1)
9(3A + al) + 6aA + o2l =21 A + Bl
(27 + 6a)A + (9a + a?) | = 21A + Bl
by comparison
27+6a=21 and Qa+o’=p
=6a=-6 putting o = -1
>a=-1 . Bp=-8

62. Let x = 2 be a root of the equation x% + px + ¢ = 0 and
1 — cos(x? — 4px + q%> + 8q + 16)

Flx) = x—2p)" ,X #2p
0, , X =2p
limx—>2p+ [f(x)]
where [-] denotes greatest integer function, is
1o (2 -1 )2 41
Sol. 1
2 2
1-cos(x” —4px+q +8q+16),x¢2p
f(x) = (x-2p)’'
0 , X=2p
-+ X = 2 is a root of equation x> + px + q =0
L 4+2p+qg=0
=>2p=-0q-4
= 4p*=(q+4)?=9*+8q+16 ... (1)
1—cos(x* - 4px +4p?)

Now lim f(x)= lim -
x—2p* x—2p* (X — Zp)

_ _ 2
lim 1—cos(x 22[2))
o' {(x-2p)}
1 . 1-cos® 1
- -~ lim ==
2 x—0 92 2

~ lim [f(x)]= {%} =0

x—2p*

(from (1))




63.

Sol.

64.

Sol.
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Let B and C be the two points on the line y + x = 0 such that B and C are symmetric with respect to
the origin. Suppose A is a point on y — 2x = 2 such that A ABC is an equilateral triangle. Then, the
area of the A ABC is

10 8
1) % (2) 3v3 (3) 2v3 OF=
4
Since, A lies on perpendicular bisector of BC, whose equation is
y=x . (1)

Now, A is the point of intersection of y =xandy — 2x = 2
. point A, after solvingis  A(-2, -2)

A (x,y)

60°
B 0] C (-aa)

In AAOC tan60° = 2= — oC = % {-- OA=p}

oC Nz

. BC=2x0C= 2P

NE]

1
Now, Area of AABC = EX BCx0A

(a-a)

2

1 2p p .
= —X—=Xp=-—= SQ. unit
2B B
and p=0A = J4+4=8=2\2

2
So, Area of AABC = (2\/5) =i sg. unit

NN

Consider the following system of equations

oX+2y+z=1

20X +3y+z=1

3X+ay+22=8

for some a.,B€R. Then which of the following is NOT correct.
(1) It has a solution if &« = —1 and 8 # 2

(2) It has a solution forall @ # —1and § = 2

(3) It has no solution for « = 3 and for all g # 2

(4) It has no solution for « = —1 and for all 8 € R

4

a 21
v D=200 3 1
3 a 2
D =a(6—a) + 2 (3-4a) + 1 (20> —9)
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=6a—o’+6—8a+20°>—9

D=o?-2a-3
for no solution, D=0
= o?—-20—-3=0
(a+1)(@a—3)=0
= a=—-1,0=3
Now,
1 2 1 a 1 1 a 2 1
D=1 3 1,D,=2a0 1 1jand D,=2a 3 1
B a 2 3 B 2 3 a B
if o =1 then
1 2 1 -1 1 1 -1 2 1
D=1 3 1,D,=-2 1 1],D,=-2 3 1
B -1 2 3 B 2 3 -1 B

=onlyforp=2,D:=0,D2=0,D3=0
. Ithas no solutionifa=—1and g =2

ifo =3
1 2 1 311 3 21
D,=[1 3 1,D,=/6 1 1|,D,=|6 3 1
B 3 2 3 B 2 3 38

= Onlyforp=2,D1=D2=D3=0
= It has no solution for g = 2
.. It has no solution for o. = 3 and for all g = 2

65. Let y = f(x) be the solution of the differential equation y(x + 1)dx — x?dy = 0,y(1) = e. Then
lim,,_,o+ f(x) is equal to

()= (2) €? (3)0 (4=
Sol. 3
y (x + 1)dx—x%dy =0, y(1)=e
dy y(x+1)
= o - 2
dx X

- J‘dy_y:J'(Xt;)dX

1
my=/x— —+c
X

wy(l)=e
~1=0-1+C=C=2

1
Now, /ny = /nx — —+2
X



66.

Sol.

67.

Sol.

1
So, limy = limxe2 =0

x—0" x—>0"

The domain of f(x) = 08D e R

e2logex—(2x+3)’
(1) R—{3} (2) (=1,00) = {3}  (3) (2,0) — {3}
3

_ log,,,)(x—2)

) e?™ —(2x+3)

case (i) X=2>0=>x>2
X € (2, )

case (ii) x+1>0 and x+1=1
Xx>-1 , x=0

. x,(~1,0)U(0,0)

case (iii) x>0 = Xt (0, »)

case (iv) e2™ _ (2x +3) =0

= x2—2x+3=0

x-3)(x+1)=0
= X3, Xz-1
- from (i) n (ii) n (iii)n (iv)
Xt (2, ) — {3}
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(4) R—{-13}

Fifteen football players of a club-team are given 15 T-shirts with their names written on the backside.
If the players pick up the T-shirts randomly, then the probability that at least 3 players pick the correct

T-shirt is
()= 23
2

(3 —

15 15
D(ls) + ClD(m + CZD[3)

Required probability =1 —

15!
: 15!
Taking Ds) as o
14!
D4y as —
e
13!

Dasyas —
e

@)=
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15! . 14! 15x14 13!

—+15—+

We get 1 — e e 2x1 e
15!

e e 2e 2e

68.  Let [x] denote the greatest integer < x. Consider the function f(x) = max{x?,1 + [x]}. Then the
value of the integral [ 02 f(x)dx is

(1) 5+:\/§ ) # @3) 1+:\/7 @) 8+:\/§
Sol. 1
f(x) = Max. {x?, 1+[x]}
1+[x] 0<x<+2
Now, f(x) =
ow, 1) { x? \/§<XS2

2 N7 2
j f(x)dx = j (1+[x])dx + j x2dx
0 0 N7

1 NI 2
= Ildx+j2dx+fx2dx

0 1 2

1

= (9 + 200 + 5070

=1+ 2(\/5—1)+%(8—2\/§)
_ 42 +5

3

69.  For two non-zero complex numbers z; and z,, if Re(z;z,) = 0 and Re(z; + z,) = 0, then which of

the following are possible?

A.Im(z;) > 0and Im(z,) >0

B. Im(z;) < 0andIm(z,) >0

C.Im(z;) > 0andIm(z,) <0

D.Im(z;) < 0and Im(z,) <0

Choose the correct answer from the options given below:

(1)Band D (2)Aand B (3)Band C 4)AandC
Sol. 3

Re(z,z,)=0 and Re(z, +z,)=0

Let z, =a, +ib, and z, =a, +ib,

z,2, =(a,a, -b,b,)+i(a,b, +b,a,)

- Re(z,z,) =aa,-bb, =0

~a,a,=bb, ......... (1)

and Re(z, +z,) =0= a, +a,=0



70.

Sol.

71.

Sol.
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= a,=-a;  .een... (2)
from (1) and (2)
b,b, =-a%<0

Product of b,b, is Negative.
- Im(z,)and Im(z,) are also of opposite sign.

If the vectors 3 = Al + pj + 4k, b = 21+ 4§ — 2k and & = 21 + 3] + k are coplanar and the projection
of 3 on the vector b is V54 units, then the sum of all possible values of A + p is equal to

1o (2) 24 (3)6 (4) 18

2

Vector 5z7ﬁ+u}+4f<, B:—2i+4i—2f< and EzZi+3}+f<

are coplanar then

A u 4
[5b6]=0 —~|-2 4 -2-0
2 3 1
= 10A-2u—-56=0
=br-—pn=28 ... (1)
also projection of a on the b is J5_4 units. then
i.b=+54
~20+4n-8
S o [/}
J24
=21 +4p-8=36
=-2A+4u=44 ... )
from (1) and (2)
26 46
A=— and p=—-
3 3
:>x+“:26+46=2=24
3 3

Let f(0) =3 (sin*(Z—0)+sin*(3m+6)) —2(1—sin?20) and S={0 € [0,7]:f'(0) =

—g} If 48=>"0, then f(B) is equal to
1) OF (3)2 Ok
2

f(0) = 3 [sin4 (37“ - 6) +sin*(3n+ 6)) -2(1-sin”20)
= 3(cos4 0+sin* 9) -2cos*26

.2
3(1— sz 29)—2(:052 20
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3£2—shf29
2
(1 +cos”260

]—ZCOSZZG

3
2

3—cos?20

J—ZCOSZZG

f(6) =

f1(0) = %cos 20sin20x 2

N

f1(0) = sindo = ——
(0) >

0 <[0, n]
40 [0, 4n]

NG

sin4= ——
2

471 57 10w 11w

+§E+11n_4n+5n+10n+11n_30n_§§
1 6 12 12 12 2

72.  Ifp, g and r three propositions, then which of the following combination of truth values of p, g and r
makes the logical expression {(p V q) A ((~p) V1)} = ((~q) V r) false?
)p=T,q=T,r=F ) p=T,q=F,r=T
(3)p=F,q=T,r=F A p=T,9=F,r=F

Sol. 3

(pva@)V(~p)vr) —((~q)Vr)
T >F=F
L (pvddAa((~p)v)=T ... (1)
(~qvr=F . )
=>~q=F,r=F
=q=T
From (1) pvq=T
~pvr=T
~r=F
=>~p=T
= p=F



73.

Sol.

74.

Sol.
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~p=Fq=T,r=F
Let A be the area of the region {(x,y) € R?:x? + y2 < 21,y? < 4x,x > 1}
1 .12
Then > (A — 21sin ﬁ) is equal to
(1)2v3-2 2V3-3 (3)V3-2 (4)2V3 -2
2

Area of Required Region

A= 2[j2fdx+jmdx]

<32 21
b))
3/2) | 2 2

=2 4«/5—%}+(21sin_11+0) (21sm 3 +3\/_J

J21

A= &/’ 8,21 ¢ 3-21sin \ﬁ

A= 23+ ﬁ—g—m in” (\EJ

Now,
1A —21sin = | =L 23+ 278 _p16in \ﬁ —21sin
2 J7) 2 2 3 7

= {2«/@- —5—21sm_1 1}

S
N
- 1

{usingsin‘1 Xx+sin"'y =sin™ {x\/1 —y? +yy1-x° }}

a2

A light ray emits from the origin making an angle 30° with the positive x-axis. After getting reflected
by the line x + y = 1, if this ray intersects x-axis at Q, then the abscissa of Q is

2 2 2
ey @) 5% ®) 7 S
2
Equation of ray is

y= %x ........ (1)

Image of 0(0, 0) in the line x + y =1 is lies on reflected ray.
x—O_y—O__2[0+0—1)

1 1 2
=M(1,1)
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X < 0 Q(Xl O)\ > X

x+y=1

X

.. Point of Intersection of linesy =
NE)

2 2
Now Reflected Ray is same as line passing through PM.

ﬁz -1 _B-3_ 5
3-V3_, 1-\3
2
Equation of PM whose slope is V3 and passing through M (1, 1).
y-1=+3(x-1)
y= V3 x+ (—\/§+ 1)
-+ ray, Intersects x-axis at a(X, 0)
~y=0
= \/§x:—1(—\/5_’+1):>\/3_’)(:\/§—1

:>X:1—i

NE)
_B-1 B+1 2
X = X

NE) (\/3_‘+1) _3+\/§

. abscissa of a is

andx+y=1isp(x,y)

.. Slope of PM =

2
3+J§

75.  LetA={(xy) ER*y>02x<y<.4-(x-1)?%}and
B = {(x,y) ERXRO0<y< min{Zx,m}}.

Then the ratio of the area of A to the area of B is
e (2) = (3) (4) =

m+1 m+1



(1,0) (3,0

2
/ (1)Q

0 (1,0 p

(3.0)

y =4 (x-1)°
(x— 12 +y? =22
y = 2X

(x—1)+4x>=4

X2+1-2x+4x>=4

5x2—2x—-3=0

5x2—5Xx+3x-3=0
5x(x-1)+3(x-1)=0

x=1,-3/5

For B : req. area = ar (ADRQ) + ar (RPQ)

:.%x1x2+i44-(x—1fdx
=1+ KXT_lj\M_(X_l)Z +%sin‘1 (X—_lﬂ

2 1
=1+2sint1=1+~ ... (1)
For A : req. area = area of semi circle — shaded area of B
2
r
= —(1+
5 (1+m)
4
:&—(1+n) {-r=2}
A=r-1 ... 2)
n—1

JEE MAIN
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76. Let A # 0 be a real number. Let a, B be the roots of the equation 14x2 — 31x + 3 = 0 and .,y be the
roots of the equation 35x% — 53x + 4. = 0. Then 32 and 47“ are the roots of the equation

B
(1) 49x2— 245x + 250 = 0 (2) 7x? + 245x — 250 = 0
(3) 7x?—245x + 250 = 0 (4) 49x?+ 245x + 250 =0
Sol. 1

o
14x2—31x+3x:0<:
B
a
and 35x% —53x +42. =0 <

Y
Now, one root is common then

- 1402-31a+34=0 ... (1)
3502530 +4A=0 ... )
o’ a1
-124%+159% 561 —1051 343

- o? _a _ 1

350 49\ 343
—a= % {from (ii) and (iii)}
and o? = 35K

343

A% 351

49 343
A2—5L=0
A(L-5)=0

Ar=0,A=5 = a=5/7
not possible .. only A =5 possible

R VRl A ATl AT
3 4
SB=—andy=—
p=7andy=g
) ] 3o 4o 10 25) .
Now equation having roots | —,— |=| —,— | is
B vy 7 7
x2—§x+2—50:0
7 49

= 49x? — 245X + 250 = 0

77.  Let the tangents at the points A(4,—11) and B(8,—5) on the circle x* + y? — 3x + 10y — 15 = 0,
intersect at the point C. Then the radius of the circle, whose centre is C and the line joining A and B is

its tangent, is equal to

(1) 2v13 ) V13 (3) 22 () 22
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Equation of line AB is
y+5= [—5+11J(X_8)

8—4
3
=y +5=(x-8)P2y+10=3x~24

3X-2y-34=0 ... (1)
Let C be (h, k) then equation of AB

3
hx+ky—5(x+h)+5(y+k)—15=0

x(h—%)+y(k+5) —%h+5k—15:0 ........ (ii)

Now, by comparing (i) and (ii)

3 3
h—E_k+5_—Eh+5k—15

3 -2 -34
after solving centre C is

(. -28
(h, k) = [8,Tj

and radius of circle is

-28
3(8)—2(3j—34‘ 24+2536—34‘

Vo4 ‘_Jﬁ

26 | _ 2413
3J13| 3

T _sinx + b_4 cosx, x € R be a function which satisfies f(x) = x + f:/z sin(x +

78 Letf(x)=x+—— -
y)f(y)dy. Then (a+b) is equal to
(1) —2n(n-2) (2) 2n(n+2) (3) ~n(n-2) (4) —n(m+2)
Sol. 2

f(x)=x+ |(sinxcosy +cosxsiny )f(y)dy

|2 Ot=—m|a

f(x)=x+ i(cosy f(y)dy)sinx +(sinyf(y)dy)cosx) ......... (1)

. a b
given: f(x) =x + ———sinx+——cosx ... (2)
n -4 -

by comparing (1) and (2)



79.

Sol.

s

2

a
= 5= !cosyf(y)dy ....... 3)
2
and ——=[sinyfy)dy ... )
B 0

adding (3) and (4)

atb %
T 4=I(SIHY+COSy)f(y)dy ....... (5)
0
a+b 2 TC
=|(siny +cosy)f| =y dy ... 6
" !( y y)(2 y)dy (©6)
Additing (5) and (6)
2
27(;14:2) = J' (siny + cosy)(§+ ;:_t; (siny +cosy)jdy
0
3 a+b (TE j
=T+ —+1
-4\ 2

Sa+tbh=-2n(n+2)

x%42x41

Let f: R — R be a function such that f(x) = i
(1) f(x) is one-one in [1, o) but not in (—oo, o)

(2) f(x) is one-one in (—oo, )

(3) f(x) is many-one in (—o0, —1)

(4) f(x) is many-one in (1, )

1

Then

~

-1 1

2
(X2+1) 14 22X
x“+1 x“+1
2
f(x)=1+——
()=1+—

X+
X

Clearly, f(x) is one —one in [1, ]
but not in (-0, )

f(x)=

JEE MAIN
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80.  Three rotten apples are mixed accidently with seven good apples and four apples are drawn one by one
without replacement. Let the random variable X denote the number of rotten apples. If u and o2
represent mean and variance of X, respectively, then 10(u? + ¢2) is equal to
(1) 250 (2) 25 (3) 30 (4) 20

Sol. 4
Total Apple = 10, Rotten apple = 3, good apple =7

3
Prob. of rotten apple (p) = o

Prob. of good apple (q) = %

X — Number of rotten apples
herex=0,1,2,3

0
p(x =0) = *C, —j x
p(x=1)="*C,| — |x

p(x=2)="C,| —x—

p(x =3) = *C, —x—x—jx =

Xi 0 1
Pi 35 105 3 1

Now

1 1 3 1 6
= X =—x0+=%x1+2x—+3x—=—
" zp“ 6 2 10 30 5

1 3 1 36 14
and o% = L T N BTV Pl
° Zp” H=3 10 30 25 25

36 14
210 +6d)=10 | —+—
W+ o) (25 25)

=10 x 5—0 =10x2
25

=20
Section B

81. Let the co-ordinates of one vertex of A ABC be A(0,2, @) and the other two vertices lie on the line
x+a y—1 z+4

- = == For a € Z, if the area of A ABC is 21 sg. units and the line segment BC has length

2
2+/21 units, then a? is equal to
Sol. 9
A0 2, o)
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C(=5, 2,3)

[voly )

-, 1, -4

1 b k 1
Z221la0 1 o+4|l———|=21
2 £ o 3 \/25+4+9

J(20.+5) +(20.+20) +(2a—5) =+/21+/38
1202 + 800 + 450 = 798

1202 + 800 — 398 =0

oa=3=0’=9

82. Let f:R — R be a differentiable function that satisfies the relation f(x +y) = f(x) + f(y) —

1,Vx,y € R.If f'(0) = 2, then |f(—2)] is equal to
Sol. 3

Givenf(x +y) =f(x) +f(y)—1 V X,y elRand f'(0) = 2

Partial differentiate w.r.t x

= f(x +vy)f(x)

forx=0

f(y)=1(0) =2

on Integrating

=fly)=2y+c ... (2)

fory=0

=f0)=Cc ... 3)

Putx=y=0in (1)

= f(0) = f(0) + f(0) - 1

=f0o=1 .. 4)

from (3) & (4)

c=1

=fy)=2y+1

=>f(-2)=-4+1=-3

S fF(=2)=3

83.  Suppose f is a function satisfying f(x+y) = f(x) + f(y) for all x,y € N and f(1) =§. If

m f(n) 1 ;
nZ;W_E,thenm is equal to
Sol. 10
1
fx +y) =f(x) + f(y) V x,y e Nand f(1) = <
forx=y=1

f(2) = f(1) + f(1) = 2f(1)
f(3) = f(2+1) = f(2) + f(1) = 3f(1)
In General

n

f(n) =nf(1) =
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S f(n) 1

Z' (n+1)(n+2)_12

= 3 1
n:15n(n+1)(n+2) 12

< 1

- 52(n+1)(n+2) 12
n 5
:‘Z[m‘m) P

1 1 11 1 1 5
=S| === 4] === | Fent - =—
2 3 3 4 m+1 m+2) 12

1 1 5
= —— =—
2 m+2 12
1 1 5 1
= -
m+2 2 12 12
= m=10

84.  Let the coefficients of three consecutive terms in the binomial expansion of (1 4+ 2x)™ be in the ratio
2:5: 8. Then the coefficient of the term, which is in the middle of these three terms, is

Sol. 1120
Letr+1,r+2 andr + 3 be three consecutive terms
"C.2" 2
nCr+1 o+l - g
r+1 4
= —== ... (1)
n-r 5
Also,
nCH_1 2r+1 5
4Cr+22r+2 - g
r+2 5

. -2
n-r-1 4

on solving (1) & (2), we get

n=8r=3

Here n = 8 (even)

middle term=r+2=3+2=5

coefficient of Ts = °C,2* =70(16)=1120

85. Let a,, a,, as, ... be a GP of increasing positive numbers. If the product of fourth and sixth terms is 9
and the sum of fifth and seventh terms is 24 , then a,aq + a,a,a9 + as + a, is equal to
Sol. 60
Let first term of G.P be a with common ratio r
Given:as.a=9
as+ar=24
as=ar’, as=ar’, as = ar’, a7 = ar’
as.as=art=9



86.

Sol.

87.

Sol.
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as =3
a7=24-3=21
=3 & _y2o7
a5
3
r=4+7,a=—
- V122
arag +azasag + as+ay=ag ag + (ar) (ar’) ag + 24

= a1 ag + ar(art)ag + 24
=arao (1 +as)+24=(ar)>(4) + 24
=36+24=60

Let the equation of the plane P containing the line x + 10 = S_Ty =zbeax+by+3z=2(a+Db)
and the distance of the plane P from the point (1,27,7) be c. Then a? + b? + ¢? is equal to
355
Given equation of plane is
ax+by+3z=2a+b) ... (1)
It containing the line
x—(-10) y-8 z-0
1 -2 1
.. plane (1) must passes through (-10, 8, 0) and parallel to 1, -2, 1
Hence,

a(-10) +8b=2a+2b
= 12a—-6b=0 ... )
and a-2b+3=0 ... 3)
on solving (2) and (3), we get
b=2a=1
. equation of the plane is
Xx+2y+3z=6 ... 4)
c is perpendicular distance from (1, 27, 7) to the plane (4)

_[1+2x27+3x7-6|_| 70| 1047
Jri2+3 | V14l 2

Now, & +b?+c?=1+4+ %:%:355

.. . 1\ . . 1\
If the co-efficient of x° in (ax3 + —) and the co-efficient of x=% in (ax - —) are equal, then
Bx Bx3
(ap)? is equal to
1
11

s 1

For | ox” +—
( BXJ

Tr+1 — 11Cr(ax3)11—r i
Bx
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= 11Cra11‘rB—rX33—4r
Coefficient of x° = "'C.a" °B

-1 CBGSB—é

11
For | ox — is
Bx

(-1
“”znqwﬂn(ﬁﬁ)

- (_1)r 11C O(‘11—1*B—rX11—4r
coefficient of x ° = — " C.a°B

N 11C6a58—6 _u CsaéB_s

11
C
= OLB__nCz ==
(ap)’ =1

88. Let @, b and ¢ be three non-zero non-coplanar vectors. Let the position vectors of four points A, B, C
and Dbed—b+¢ Ad —3b+4¢ —d+ 2b — 3¢ and 2d — 4b + 6¢ respectively. If A, AC and
AD are coplanar, then A is equal to

Sol. 2

AB=(13-3b+4¢)-(3-b+07)
=(L—1) a—2b+3¢
AC=(-3+2b-3¢)-(a—-b+¢)

= —23+3b-4¢
AD=(23-4b+6¢)—(3-b+¢)
= d4-3b+5¢
For coplanar vectors
A-1 -2 3
-2 3 —4=0
1 -3 5
=31-6=0

LA=2

89. Five digit numbers are formed using the digits 1, 2, 3,5, 7 with repetitions and are written in descending
order with serial numbers. For example, the number 77777 has serial number 1 . Then the serial number

of 35337 is
Sol. 1436
Number startingwith 7= 7— — -~ =625
g F517
5 555
Number starting with5=5—- — - — =625
’ T177
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Number starting with 355 = 355_ _ =25

Number starting with 3537 = 3537 _ =5
Number starting with 3535 = 3535 _ =5

Number starting with 35337 =1
Total = 1436
Therefore, the serial number of 35337 is 1436

If all the six digit numbers x;x,x3x,x5x¢ With 0 < x; < x, < x3 < x4 < x5 < X, are arranged in the
increasing order, then the sum of the digits in the 72® number is

32

Number of six digit number starting with 1is 1 .............. =°%C, =56

As remaining five digits can be selected from 8 digits that are greater than (i.e., 2, 3,4, 5, 6, 7, 8)
Number of six digit number starting with 23 .......... =°C, =15

Total =56 + 15 =71
Now, 72" number = 245678
. sum of the digits=2+4+5+6+7 +8=32
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